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Extrapolating the coupling strengths to very high energies, one finds that they do not converge to a single 
coupling constant, as expected in the simplest gauge theory of Grand Unification, the SU (5) theory. 

We find that the coupling constants do converge, provided that two new intermediate energy scales are intro- 
duced, the energies where the group 5t/(4), containing the color group, and the right-isospin gauge group are 
spontaneously broken down. 



PACS numbers: 11.15.Ex,11.10.Gh 



' 

a: 



- 1—1 

X 



A. Introduction 



o 
o 

The Standard Model describes the electromagnetic, weak and strong gauge interactions and is based on the group G sm = 
SU(3) c xSU{2) L xU{l) Y QiSSSil Zl|8|,|9|] . Due to vacuum polarization effects the coupling strengths of the three gauge 
interactions depend on the momenta of the interaction 1 10]. The renormalization group formalism gives rise to the so-called 



"^h , running coupling constants 1 1 1 ]. Consequently, the coupling constants are functions of the energy Q. At a few GeV, the strengths 
■ of the weak and electromagnetic interactions are e qua l to aw — 1/30 and a = 1/137, whereas the strong interaction strength 
£S) | varies in the range 2 — 100 GeV as a s f» 0.15 — 0.1 |12]. These three coupling strengths differ from each other in value. However 
the weak and the electromagnetic gauge interactions become gradually comparable at the Fermi energy scale « 246 GeV. As the 
electroweak gauge symmetry SU(2)l x U(1)y is spontaneously broken down ll^M4M^Mall7ll at Cv / 2Gf')~ 1 / 2 w 246 GeV 
through a Higgs doublet whose electrically neutral component acquires a non-zero vacuum expectation value, the electrically 
neutral gauge fields undergo a mixing so that the resulting massless gauge field couples to the electromagnetic current. Thereby 
, the electromagnetic and the weak coupling strengths become related through a mixing angle 1 18]. We have 

\fa = y/a\v sin Ovv — y/ay cos 9w (1) 

\Q '. 

Hence the mixing angle describes a partial unification of the two distinct interactions 1 19]. The non-Abelian nature of the weak 
and the strong interactions give rise to self interactions among the gauge fields 120. 12 ll 12211 in which the self-coupling vertices 
cause an anti-screening effect. The couplings strengths decrease with increasing Q. In the contrary, the coupling strength of an 
T - "' Abelian interaction increases with increasing energy. One finds 

* = + 26, In 9.+ higher orders (2) 



where gi(fx) and gi(Q) are the measured strength of gi at the energy scale fj, and Q respectively. Formally the renormalization 
of any of the gauge coupling gi depends on the dimension of the unitary gauge group to which the coupling is assigned. This 
property is contained in the 6, functions which get contributions from gauge bosons, fermion loops and scalar bosons ll23ll . If 
only the gauge bosons and fermion loop contributions to vacuum polarization are taken into account one obtains 
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where N > 1 is related with SU(N) and n g = 3 indicates the number of fermion generations. Using the equations given 
above, the values of a, ct\y, ay at the Fermi scale can be extrapolated towards higher energy scales. They converge with 
increasing energy Q and get very close in the energy interval 10 13 GeV to 10 17 GeV. But a common intersection of the three 
coupling strengths does not occur. However the convergence of the coupling strengths suggests a unification in which all gauge 
interactions posses the same strength at some characteristic energy scale. 

One possibility is to embed Gsm into a gauge group that has a single gauge coupling. The simplest possible choice would be 
the SU (5) I24II25I1 which has the same rank as G sm . Besides the gluons, the W, Z and 7 there are lepto-quark gauge bosons 
in the theory, (they can transform quarks into leptons). Consequently they can mediate nucleon decay 126112711 . giving rise to 
physics beyond the standard model [28]. We denote them with Y a , Y' a , where a denotes 5?7(3)-color. Their charges are shown 
in Table. |I] The lifetime of the proton to decay into a tt° e + can be estimated as 

t p cx (4) 
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where m p is the proton mass, Mq is the lepto-quark gauge boson mass and ag is the coupling strength at Mq 1E9H30I1 . The 
proton life time is sensitive to the gauge boson masses that mediate the decay process [ 30] 1 3 1 ] 1 32] 1 33]. A grand unification 
mass scale should not lie lower than Mq ~ 10 15 GeV. Immediately after the spontaneous breakdown of the SU (5) symmetry at 
M<3 through a singlet, the residual symmetry group will be equal to that of the Standard Model gauge group. By construction, 
the relative gauge couplings of the residual gauge symmetry are equal at this energy scale. But as we run them down, they depart 
from their known values at the Fermi scale. Consequently they can not reproduce the experimental numbers. A contribution of 
a Higgs doublet has also no considerable influence. Thus no convergence takes place. 

This problem disappears, however, if at energies above 1 TeV supersymmetry appears. In this case the coupling constants do 
converge at the energy about 10 16 GeV. In such a theory a new energy scale arises, the energy where supersymmetry is realized. 

In the minimal SU (5) theory wherein the Higgs sector can be adjusted to exhibit coupling unification, the grand unification 
mass scale roughly takes place at 3.1 x io 14±0 - 3 GeV which is relatively low l34ll . Consequently the minimal 5/7(5) theory 
predicts the proton to decay in 2 x io 29±1 - 7 years 1 34] which is faster than the recently measured lower bound 11211 and therefore 
the theory is in serious trouble 1 35 ] . 

We shall investigate here a further possibility of coupling unification by embedding G sm into the 5*0(10) gauge group |36]. 

B. 50(10) gauge interactions 

The Lagrangian of the massless spinor field describing the 5*0(10) gauge interactions can be stated as 

C = * i Y D„ - - F" v ah F^ ab 
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K.E.of* * 

Interactions K t " ot w s 

where \& is the family spinor that contains the fermions of a single generation and is the gauge covariant derivative 
is defined as 

£> M = d„ + i JL ■ £ (6) 

Here Wjj™ are real valued N(N — l)/2 vector gauge fields with a,b = 1, . . . , N; N = 10, £ a & are the representation matrices 
and g is the single coupling strength. The above inner product implies a sum over the group indices ab. Furthermore D M is a 
matrix in the space of group indices, and E j, = — S& a . The number of independent physical gauge fields is determined by the 
degrees of freedom possessed by the unification gauge group. 

For 5O(10), we have 45 gauge fields. The second term appearing in the covariant derivative is usually known as the gauge 
term matrix. The physical content of the gauge term matrix can be highlighted by using an explicit matrix representation of the 
E's. Several examples are given in ref. |37]. Since the S's transform the family spinor like ^ a — > (e _l s j b = U a b ^b, 
one should consider the unitary (or spinorial) representation of 5O(10). The Y* a b basis of the spinorial 50(10) representation 
can be generated through a T basis which satisfies the Clifford Algebra ll38il . We have 

s ab = ^[r a ,r b ] , {r a ,r b } = 2<5 ah i (7) 

Here curly brackets denote anticommutation. lis a unit matrix with size 32 x 32. The S's satisfy the Lie Algebra of 50(10). 
We have 

[S a fc, S cc i] = 1 ( Sad Sfcc + &bc S a( J — S ac ^bd ~ Sbd S ac ) (8) 

It follows that a maximal sub-group of 50(10) is the SO (6) x 50(4) where SO (6) is spanned by the indices a,b — (1, . . . , 6) 
and 50(4) is spanned by the indices a,b = (7, . . . , 10). 50(4) is isomorphic to SU (2) x SU (2) which defines two mutually 
commuting isospin-triplet gauge fields. These are the W®' and Wr fields which couple to left- and right-handed currents 
respectively. 

SO (6) is isomorphic to 5/7(4) and contains SU(3) C x U(\)b-l as a subgroup which defines the 8 Gluons Gi and a singlet 
Xb-l field. In the coset SU (4) / SU (3) c , we have a sextet field which decomposes with respect to the U (1)b-l group into two 
charge conjugated color triplets 3 and 3. These are the X a lepto-quark fields where a = (r, g, b) denotes SU (3)-color [39, 40]. 
On the other side the coset 5O(10)/5O(6) x SO (A) contains 24 leptoquark gauge fields denoted with A a , A^,Y ai Y' a which 
decompose into a bi-doublet sextet. All these 45 gauge fields and their various charges are summarized in Table. [I] 
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TABLE I: Charges of the 45 Gauge Bosons 



In contrast to the electroweak theory, it is a rather sophisticated task to illustrate the content of the SO(10) gauge term through 
a matrix. The gauge term reads 



+i-j=W a b Sah 



-19 



V2 { G ■ U G + ( X ■ U x + h.c. 



+w£r± 



V2 



3 Xb-l Ub-l 
2^71 2~ 



Wl z L± + ^L 3 



W 

h -^R 3 + (Da-A + D a >-A' + D y -Y + D y > ■ Y' + h.c.) 

An Ai 2 
A21 A 2 2 



wl 

V2' 



(9) 



The generators multiplying the (neutral) singlet fields, W^, Wr and Xb-l add up to the electric -charge eigenvalue operator Q 
= L3 + i?3 +Ub-l/2 where L3 and i?3 are the left and right-isospin eigenvalue operators and Ub-l is the B — L eigenvalue 
operator. The entries An, A12, A21 and A22 are matrices each of size 16 x 16. They explicitly depend on the T basis as studied 
in 1 37]. The interaction term given in eq. (|5} generates the currents coupling to the fermions in the family spinor "J. We have 
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ig V2 {(J*-A» + Jf-A"* 



J* ■ Y» 



J, 



Y' 



(J? • X» + h.c] 



X^B-L 

~7T 



Y'f + h.c.) + 



j g -g+ j±w£ + 4_| + j± w ± 



(10) 



The currents jfi, etc. and the gauge fields are given in the flavor basis. Depending on the content of the Higgs sector, the 
gauge fields and thereby the currents can undergo some complex mixing. A detailed analysis of these mixing angles and phases 
which are possible sources of CP-violation will not be studied in this paper. 



C. Renormalization of a's in 50(10) 

At energies above the Grand Unification energy mass scale Mq there is a single coupling constant g. The relative coupling 
strengths gi assigned to the various subgroups of 50(10) are equal in value at the grand unification mass scale Mq whose value 
is subject to further determination. We define 









Cs' Cq 


95 


96 gi 



9l_ _ 9R_ _ 9 b-l = gv_ 

Cl Cr Cb-l Cy C s C S ' Cq (11) 



where C are the Clebsch-Gordon coefficients. These coefficients take the values Cl = Cr = 1, Cb-l = •v/3/2, Cq — y3/8, 
Cy = \/3/5. They can be found by rescaling the diagonal generators so that they become eigenvalue operators and produce 
charge quantization |37]. At Mq the symmetry breaks down to SU(A)c x SU(2)l X SU(2)r. The corresponding coupling 
strengths are donated by a s > ,g^ and g^. At Mq the symmetry breaks down to SU (3)c x SU (2)^ x SU(2)rX U(\)b-l- Finally 
at the energy Mr the symmetry is broken down to SU(2>)c x SU(2)l x SU(1)y- The final breakdown to SU(3)c x U(Y)q 
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FIG. 1: Descents in 50(10) are on the left hand side and corresponding intermediate mass scales are on the right hand side. 



is similar to the symmetry breaking in the standard model. These intermediate mass scales and symmetries are illustrated in 
Fig. 0. The evolution of the coupling strengths are given as follows: 



1 1 Mr Mr 

^3c;-j— = ^^ + 26 4 ln(-/) + 2fe 3 ln(-/) (12) 
gi(M F ) g 2 (M G ) M c M F 



where the <jj and 6; are defined as follows: 
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(13) 



Note that in general we have Mp < Mr < Mc < Mc- From the above equations the unknown scales Mc Mc and Mr can 
be found. A possibility is to use the the combination ; Cy 2 j g\ + 1/gf — [Cy 2 + l)/<?f. It is free of the unknown g and the first 
two terms in this combination equal to 1/ e 2 . It yields; 



18 1 / Mg , r 1 ( Mcs^ r , ,M R 

3 (7g Mc Mr Mf 



where the constants come out as 



A = 2(&£ - 26 4 + 6? ) 

B = 2(^6f + 6f-^ 3 + 6 2 L ) (15) 
C = 2(|6 1 -|6 3 + ^) 
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There are three unknowns in eq. (1141 . namely the scales Ma, Ma and Mg. Further relations are required. Another possibility 
comes from the weak mixing angle contained by the combination Cy 2 j g\ — Cy 2 j ' g\. We have 

£7!-^! = l- (1+c -,!^ (16) 

91 91 z z 
Using the expressions for 174 and g\ and some reorganization of the terms yield 

The constants T>, £ and T in terms of the beta functions are found as 

5 5 

£ = 2(§6? + §6? - tf) < 18 > 
^ = 2(6 X - 6 2 L ) 

We have three unknown scales Ma, Mq and Mr in each of the statements above. We make the assumption that Ma and Ma 
are close so that In j& > 0. In terms of this ratio, the eqs. H41 and dl7t can be solved among themselves for the three unknown 
scales (for details see Appendix A). 



D. Mass Scales in 50(10) 

Let us estimate the scales without any contribution of Higgs scalars using eq. JAli . These values are summarized in Table HTI 
It is found that M G rests between 10 16 - 10 17 GeV and M R between 10 10 - 10 11 GeV for various values of ln(M G /Mc) and 
acceptable input values of the electroweak parameters at Mp — {\/2Gf)~ 1 / 2 — 246.22 GeV where especially aJ 1 (Mp) = 10. 
For smaller values of aj 1 , the 5*0(10) model is no more physically viable, because Ma moves inescapably towards the Planck 
scale. The various values of a(Ma) are also given in Table. HTlfor the respective values of the intermediate mass scales where 
the fine structure constant a at Ma is obtained as 

3(4tt)" 1 3 (471-)- 1 „.2, 3 lB 3, f ., ,M Gx n ,2, r 3, B 3 lMl ,M C N 
- v ' = - V ; + 2 -64 + -b£ + -bZ) In — ) + 2(-b? + -bf + -bZ) In — ) 
8 a(Q) 8 a(Ma) V 8 8 2 8 2 > y M c ! V 8 1 8 2 8 2 > v M R ' 

+ 2( ^ 1 + 2 t2)M |£ ) + 2irM ^) 

This expression can be solved for a(Ma) at Q = Mp. If we compare the values of a -1 at Ma and Mp, given in the last six 
rows in Table. UTI it is observed that they are very close. This does not happen in the effective SU(3)c x SU(2)l X U(l)y 
running of aT 1 . The difference is caused by the existence of the U(1)b-l x SU(2)r symmetries above the Mr scale. The 
beta functions bf 71 in the interval Q > Mr becomes negative. The running of a, aw, Q s , cny are sketched in Fig. [2] As seen 
in the figure a -1 reaches a minimum value of approximately 117 at the mass scale Mr, beyond this scale the electromagnetic 
interactions become gradually weaker again. 



E. Results and Discussion 



In this paper we have studied coupling unification in the S'O(10)-Theory. Unlike the SU(5) theory this theory shows a 
convergence of the coupling constants, if we adjust them at low energies to the observed values. We have found that the coupling 
constants do converge, provided that two new intermediate energy scales are introduced, the energies where the 4-color gauge 
group and the right-isospin gauge group are spontaneously broken down. However two new energy scales have been introduced, 
the energy where leptons and quarks start to become separated and SU (4) is broken down to the QCD gauge group, and the 
energy, where the righthanded isospin is broken. The first energy scale, denoted by Mc, is very close to Ma and might be 
identical to Ma- The second energy scale Mr is around 10 10 ~ n GeV. Similar conclusions have also been reached in ref. |41]. 

Testing the theory is very difficult. To observe the righthanded VF-bosons seems not possible, since the energy is too high. 
However the VF-bosons could result from a complex mixing among the Wl and Wr gauge bosons, wherein the Wr component 
is extremely suppressed. In this case there will also be a heavier M^'-boson, wherein the Wl component is suppressed. A tiny 
mixing angle in the Wl-Wr sector that could be detected by precision experiments would immediately indicate a left-right 



6 



In -^S. 

M G 


aj\M F ) 


M G 


M c 


Mr 


a' 1 {Ma) 


sin 2 9 W {M F ) 


a~ 1 (M F ) 




ml 


9 


5.56 x 10 17 


5.56 x 10 17 


2.40 x 10 10 


129.0 


0.2315 


128 


48.4 


In 2 


9 


2.78 x 10 17 


1.39 x 10 17 


9.62 x 10 10 


128.1 


0.2315 


128 


48.0 


In 3 


9 


1.85 x 10 17 


6.16 x 10 16 


2.16 x 10 11 


127.5 


0.2315 


128 


47.8 


lnl 


10 


1.00 x 10 17 


1.00 x 10 17 


7.54 x 10 10 


126.6 


0.2315 


128 


47.5 


In 2 


10 


5.02 x 10 16 


2.50 x 10 16 


3.02 x 10 11 


125.6 


0.2315 


128 


47.1 


In 3 


10 


3.34 x 10 16 


1.12 x 10 16 


6.78 x 10 11 


125.1 


0.2315 


128 


46.9 



TABLE II: Grand unification and intermediate mass scales without contribution of any Higgs scalars. ao = g 2 /4iv is the coupling strength at 
the grand unification mass scale Mg- 

symmetric gauge sector. Similarly in an 5O(10)-theory there will be an extra neutral Z'-boson, coupling to neutral currents as 
investigated in ref. ll37ll . As a result we should expect small deviations in the vector and axial-vector couplings of the Z-boson 
which originate from the SU (4) and SU(2)r gauge fields. Another possibility seems to us to look for the proton decay, which 
is expected around lfj 31-33 years. 
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APPENDIX A 



We have 



M R = M F exp 
M c = M F exp 
Mq = M F exp 



Ai- 
A 2 + 
A 3 + 



B 



£C 


-TBe 2 


C 


-B 1 


£C 


-TBe 2 


C 


-B 1 


£C 


-TBe 2 



■ sin 



+ 



---an u 

---sin 2 fl 
5 5 



EC 


-TB 


£ 


-T 


EC 


-TB 


£ 


-T 


£C 


-TB 



8 1 
8 1 

8 J_ 

3^1 



(Al) 



The A's appearing in these equations are composed of beta functions and the ratio In They are explicitly found as 
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The ratio is chosen by definition positive. If we substitute the values of the beta functions, we find that 

Ax > 0, A 2 < 0, A 3 ^ 



(A3) 




FIG. 2: The evolution of a s , a w , a, ay, with respect to In Q where Q is in GeV. 



